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1. INTRODUCTION 
If G is a stable group (that is, a group whose elementary theory is 
stable), then by the Baldwin-Sax1 condition G satisfies the minimal condi- 
tion for centralizers, and indeed there is an integer n such that every chain 
of centralizers of subsets Xi of G has length r at most n. Moreover each 
definable quotient of G is stable, and so satisfies a chain condition of the 
above type. In favourable circumstances this information alone is sufficient 
to give quite precise information about the structure of a stable group. For 
example, it was proved by Bryant and Hartley [l] that every soluble 
torsion group satisfying the minimal condition for centralizers is an 
extension of a nilpotent normal subgroup by an abelian-by-finite group of 
finite Priifer rank, and it follows a fortiori that stable soluble groups which 
are torsion groups have this structure. Here we shall show that the same 
conclusion holds for a somewhat wider class of stable soluble groups. We 
shall prove this by combining the above result for torsion groups with a 
result on actions of abelian torsion groups on abelian groups. The 
examination of two abelian groups together with an action of one of them 
on the other, all defined in a structure with a stable elementary theory, 
frequently plays a role in the study of stable groups: one important 
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illustration of this is in Zil’ber’s proof [6] that if G is a soluble group of 
finite Morley rank and if G is not nilpotent-by-finite then some infinite field 
can be interpreted in G, and others can be found in the book of Poizat [4]. 
If A is an abelian group and we are given an action of a group B on A, 
then we write A additively and B multiplicatively; and we define C,(X) = 
{b E B; ab = a for all a E X> for each subset X of A and C,(a) = C,( (cl)) for 
each element a of A. Now ‘4, B, and the action can be defined in a stable 
structure if and only if the semidirect product A >a B is a stable group; and 
in this case a chain condition for centralizers holds. We shall prove the 
following result. 
THEOREM 1. Let A be an abelian group and B an abelian p-group rrhich 
acts on A, where p is a prime. If every chain of centralizers C,(a) has length 
at most n, then B/C,(p”-‘A) has Priifer rank at most n - 1. 
Theorem I is the key to our second result. 
THEOREM 2. Let G be a soluble stable group having a nilpotent normal 
subgroup N, such that G/N, is a torsion group. Then G has a nilpotent 
normal subgroup N such that G/N is an abelian-by-finite torsion group of 
finite Prufer rank. 
There exist stable soluble groups G having no nilpotent normal 
subgroup N such that G/N is a group of finite Priifer rank: suitably chosen 
soluble algebraic groups over algebraically closed fields of zero charac- 
teristic illustrate this. However, we do not know whether or not every 
stable soluble group G has a normal subgroup N such that G/N is abelian- 
by-finite. This is certainly the case for soluble groups of finite Morley rank: 
see Zil’ber [S] and Nesin [3]. A proof for soluble stable groups in general 
seems to be beyond the range of methods which depend on the study of 
chains of centralizers. 
2. PRWF OF THEOREM 1 
Throughout this section we assume that A is an abelian group, that B is 
a p-group for some prime p, and that an action of B on A is given. We shall 
regard A as a (right) module for the group ring ZB of B. If bE B then we 
write 0(b)= 1 +b+ ... +br-‘. We note that if aEA and bp centralizes a 
then b centralizes a&b). We need the following two lemmas. 
LEMMA 1. Let D be an elementary abelian subgroup of B qf order p2 and 
let u E A. If r&(d) = 0 for all dE D\ ( 1) then pu = 0. 
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Proof Let D= (d,) x (d,). We have 
O=uf9(d,)B(d,)=u 1 d=u c B(d,d’,)+Qd,)-p 
dED osicp > 
= -pu. 
The result follows. 
LEMMA 2. Suppose that for all a E A either C,(a) = B or B/C,(a) is not 
locally cyclic. Let n > 1 and a E A and suppose that p”- ‘a is not centralized 
by B. 
(i) There is an element 6, E B\C,(a) such that b:E C,(a) and such 
that p “-2a0(b,) is not centralized by B. (Thus C,(a)< (C,(a), 6,)s 
C,(aRb I 1) -C B.) 
(ii) There are elements a, = a, a,, . . . . a,, of A such that 
C,(a,) < Ce(a2) < ... < C,(a,) < C,(O) = B. 
Proof If assertion (i) is false then for all 6, E B of order p modulo 
C,(a) and all b E B we have p “-2a(b - 1) 8(b,) = 0. Since B/C,(a) is not 
locally cyclic, it contains an elementary abelian subgroup of order p2. 
Applying Lemma 1 (with u =pn-‘a( b - 1)) we conclude that p”- ‘a(b - 1) = 0; 
and since this holds for all b E B, we have a contradiction to the hypothesis 
that p”- ‘a is not centralized by B. Thus (i) holds; assertion (ii) then 
follows immediately by iterating the construction in (i). 
It is now easy to prove Theorem 1. If n = 1 then for all a E A we have 
C,(a) = C,(O) = B and the result follows. Therefore we may assume n > 1 
and the obvious induction hypothesis. We suppose the result false. If a E A 
and B/C,(a) is non-trivial, then C,(a) in its action on A satisfies the 
hypothesis of the theorem, with n replaced by II - 1. It follows that the 
image of C,(a) in B/C,(p’* ~ 2A) has Priifer rank at most n - 2; so therefore 
does the image of C,(a) in B/C,(p”- ‘A), and so B/C,(a) certainly cannot 
be locally cyclic. But now we choose aE A such that p”-- ‘a is not 
centralized by B and apply Lemma 2(ii): we obtain a chain of centralizers 
of length n + 1 in B, and this contradiction completes the proof of the 
theorem. 
3. PROOF OF THEOREM 2 
For the proof of Theorem 2 we need the following result. 
LEMMA 3. Let G be a soluble torsion group satisfying the minimal condi- 
tion for centralizers and let n > 0. If for each prime p the abelian p-subgroups 
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of G all hate Priiffer rank at most n then G IINS at1 ahelim tlormnl subgroup 
of,finite index and qf’ Prgfer rank at ttlo.yt n. 
Lemma 3 follows from the results l.c.2 and 3.22 in Kegel and Wehrfritz 
[2]; and in fact it is not hard to construct an an hoc direct proof. 
We may now give the proof of Theorem 2. We argue by induction on the 
nilpotency class of a nilpotent normal subgroup N, of G such that G/N, is 
a torsion group. If N, = 1 then the result follows from Theorem 2.1 of 
Bryant and Hartley [l]. Therefore suppose N, > 1, let Z be the centre of 
N,, and define ‘4 = C,(Z) n C,C,(Z). Thus A is a definable abelian 
normal subgroup containing Z, so that G/,4 is stable and satisfies the 
conclusion of the theorem by induction. Moreover, since 
N, d C,(z) = c, c, c,(z) < C,(A ), 
the group G= G/C,(A) is a torsion group. 
Since G is stable we can choose an integer m >O such that CJA”‘) is 
maximal, and moreover there is an integer n such that every chain of 
centralizers in G of elements of A has length at most II. Let X be a finite 
abelian p-subgroup of G. By Theorem 1 the group X/Cx(Adl) has rank less 
than n; and so therefore does X/C,Y(.4’“p”). However, from our choice 
of m we have Cx(A”) = CX(A’@). It follows that G/CG(Am), which is 
isomorphic to G/CG(A”‘), satisfies the hypothesis of Lemma 3, and so is 
abelian-by-finite of finite rank. Suppose for the moment that the theorem 
holds for G/A”: let K/A’” be a nilpotent normal subgroup with G/K 
abelian-by-finite of finite rank. Then G/( Kn C,( A”*)) is abelian-by-finite 
of finite rank and (Kn C,(,4”‘))/(A”n CJA”‘)) is nilpotent. Since 
A”n C,(A”‘) is central in Kn C,(A”‘) it follows that Kn CG(Am) is 
nilpotent, and G satisfies the conclusion of the theorem. 
Thus it suffices to prove that the conclusion of the theorem holds for 
G/A”: note that this group is stable since A is abelian and definable. We 
therefore replace G by G/A”’ and assume that ‘4 is a torsion group. The 
semidirect product G, = A XJ G/C,(A) can be interpreted in the stable 
group G, and so G, is itself stable and satisfies the minimal condition for 
centralizers. Since G, is also a soluble torsion group, Theorem 2.1 of [I] 
yields a nilpotent normal subgroup A4 of G, such that G,/M is abelian-by- 
finite of finite rank. Since the product of two nilpotent normal subgroups 
is nilpotent, we may assume A4 2 A; say A4 = AL where I= L/C,(A) and 
L is normal in G. Thus G/L is abelian-by-finite of finite rank and A lies in 
a term of the upper central series of L. We have already noted that by 
induction G/A has a nilpotent normal subgroup, H/A say, such that G/H 
is. abelian-by-finite of finite rank. Thus G/(H n L) is abelian-by-finite of 
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finite rank, and (Hn L)/(A n L) is nilpotent. Since A A L lies in a term of 
the upper central series of L, hence of Hn L, it follows that Hn L is 
nilpotent. This finishes the proof of Theorem 2. 
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